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a b s t r a c t
A compact Riemann surface X of genus g ≥ 2 which can be realized as a q-fold, normal
covering of a compact Riemann surface of genus p is said to be (q, p)-gonal. In particular
the notion of (2, p)-gonality coincides with p-hyperellipticity and (q, 0)-gonality coincides
with ordinary q-gonality. Here we completely determine the relationship between the
gonalities of X and Y for an N-fold normal covering X → Y between compact Riemann
surfaces X and Y . As a consequencewe obtain classical results due toMaclachlan (1971) [5]
and Martens (1977) [6].
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let q be a prime number. A compact Riemann surface X of genus g ≥ 2 which can be realized as a q-fold, normal
covering of a compact Riemann surface Z of genus p is said to be (q, p)-gonal. Such a surface Z is the orbit space X/ϕ for
some automorphism ϕ of X of order q, which will be called a (q, p)-gonality automorphism. Clearly, the notion of (2, p)-
gonality coincides with p-hyperellipticity, as defined in [3], whilst (q, 0)-gonality is nothing else but ordinary q-gonality.
In this article we completely determine the relationship between the gonalities of X and Y for an N-fold, normal covering
X → Y between compact Riemann surfaces X and Y . The case of unramified coverings is dealt by Theorem 3.1, while
possibly ramified coverings are treated in Theorem 5.1. Specifying our results for q = 2 and p = 0, 1, 2 we obtain classical
results due to Maclachlan [5] and Martens [6] on the hyperellipticity of the images of hyperelliptic Riemann surfaces under
unramified normal projections and the groups of covering transformations of such coverings.
The core for our considerations is a fundamental result of Castelnuovo–Severi [2,7] saying that two (q, p)-gonality
automorphisms of a compact (q, p)-gonal Riemann surface of genus g ≥ 2pq + (q − 1)2 generate the same group. We
consider that in this context it is worth mentioning a recent result from [4] saying that whenever q > 2p + 1 the groups
generated by two (q, p)-gonality automorphisms are conjugate.
It is worthwhile to remark that each compact Riemann surface admitting a non-trivial automorphism is (q, p)-gonal for
some values of p and q. Hence, describing the spaces of (q, p)-gonal surfaces is equivalent to describe the singular loci of the
moduli spaces of compact Riemann surfaces of given genus. This observation provides us one of the main motivations for
determining properties of (q, p)-gonal surfaces.
All throughout the paper a Riemann surface will mean a compact Riemann surface of genus≥2.
2. Some preliminaries
Along this work we shall approach problems concerning the covering theory of Riemann surfaces by means of the
Riemann Uniformization Theorem and the combinatorial theory of Fuchsian groups. This theorem says, in particular, that
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each compact Riemann surface X of genus≥2 is the orbit spaceH/Γ of the hyperbolic planeH with respect to the action
of some Fuchsian group Γ with presentation
⟨a1, b1, . . . , ag , bg , x1, . . . , xr | xm11 , . . . , xmrr , x1 · · · xr [a1, b1] · · · [ag , bg ]⟩,
which can be concentrated in its signature = (g;m1, . . . ,mr). Actually Γ can be chosen to be (isomorphic to) the
fundamental group of X , i.e. it can be chosen with r = 0. In such a case Γ is said to be a surface group, and its signature is
denoted by (g;−). Now, the elementary covering theory asserts that a finite group G is a group of automorphisms ofH/Γ
if G = Λ/Γ for some Fuchsian group Λ containing Γ as a normal subgroup. Moreover, in such a situation, the classical
Hurwitz–Riemann formula says thatµ(Γ ) = |G|µ(Λ), whereµ(Γ ) andµ(Λ) denote the hyperbolic area of a fundamental
region of Γ andΛ, respectively. Recall that for a Fuchsian group∆with signature (h; n1, . . . , nk), its hyperbolic area is
µ(∆) = 2π

2h− 2+
k−
i=1
1
ni

.
All along the paper the symbols N , g , q and p denote integer numbers with p ≥ 0 and N, g, q ≥ 2.
3. On unramified projections of (q, p)-gonal surfaces
Let X be a (q, p)-gonal compact Riemann surface of genus g ≥ 2pq+(q−1)2. Then, the classical theorem of Castelnuovo–
Severi [2,7] asserts that two (q, p)-gonality automorphisms of X generate the same group. This condition turns out to be
essential for the validity of the next theorem, which is our main result in the paper.
Theorem 3.1. Let X be a (q, p)-gonal Riemann surface whose genus g satisfies the inequality g ≥ 2pq+ (q−1)2, and let X → Y
be an N-fold, unramified, normal covering between Riemann surfaces. Assume that q is prime and (N, q− 1) = 1. Then,
(i) There exists a nonnegative integer ω such that Y is a (q, p′)-gonal surface, where
p′ = 1− ω(q− 1)
2q
+ p− 1
N
. (1)
Moreover, q divides N if ω ≠ 0.
(ii) The group of covering transformations of X → Y is generated by 2p′ + ω elements {y1, . . . , yω, z1, . . . , zp′ , w1, . . . , wp′}
such that each yi has order q and
y1 · · · yω[z1, w1] · · · [zp′ , wp′ ] = 1. (2)
Proof. Let Γ and Γ ′ be Fuchsian surface groups with signatures (g,−) and (g ′,−) that uniformize X and Y , respectively,
that is, X = H/Γ and Y = H/Γ ′. Note that Γ is a normal subgroup of Γ ′ because the covering X → Y is normal, and, by
the Hurwitz–Riemann formula,
g ′ = (g − 1+ N)/N. (3)
Observe that the quotient Γ ′/Γ is the group of covering transformations of the covering X → Y .
The surface X being (q, p)-gonal, there exists a compact Riemann surface Z of genus p and a q-fold covering X → Z . The
surface Z can be represented as Z = H/Γ1 for a Fuchsian group Γ1 containing Γ as a normal subgroup of index q. So its
signature is (p; q, s. . ., q) for some nonnegative integer s, and the Hurwitz–Riemann formula applied to the pair of Fuchsian
groups (Γ1,Γ ) gives us
s(q− 1) = 2(g − 1− q(p− 1)). (4)
Since g ≥ 2pq+ (q− 1)2, it follows from [2] and [7] that Γ1/Γ is a normal subgroup of Aut(X), and so Γ ′ normalizes Γ1.
Consequently∆ = Γ ′Γ1 is a Fuchsian group. But now, the isomorphism theorem for groups asserts that∆/Γ1 ∼= Γ ′/Γ ′∩Γ1,
and the last is an epimorphic image of Γ ′/Γ , which has order N . Hence the order N ′ of∆/Γ1 is a divisor of N and the index
q′ = [∆ : Γ ′] of Γ ′ in∆ satisfies q′N = qN ′. By the primality of q this implies that either q′ = 1 or q′ = q.
However in the first case Γ1 ⊂ Γ ′ and, since Γ ′ has no elements of finite order, the same holds true for Γ1, that is, s = 0.
By (4) this means
1+ q(p− 1) = g ≥ 2pq+ (q− 1)2
or equivalently q(p + q − 1) ≤ 0, a contradiction. Consequently q = q′, and we have the following diagram of group
inclusions
∆
Γ ′
q
}}}}}}}
Γ1
N
@@@@@@@@
Γ
N
AAAAAAA
q ~~~~~~~~
(5)
As Γ ′ ∩ Γ1 is a subgroup of Γ ′ of index N containing Γ we see that Γ = Γ ′ ∩ Γ1.
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Next we will show that Y = H/Γ ′ admits an automorphism ψ of order q. Indeed, q being prime, it is enough to check
that Γ ′ is a normal subgroup of∆, For, it suffices to prove that a generator ϕ of Γ1/Γ centralizes Γ ′/Γ . Let a be an arbitrary
element of Γ ′/Γ and let aϕa−1 = ϕα for some integer α with 1 ≤ α ≤ q− 1. Then aq−1ϕa−(q−1) = ϕαq−1 . But, by Fermat’s
Little Theorem, this last equals ϕ. So ϕ commutes with aq−1 and, since q− 1 is relatively prime with N and a is an arbitrary
element of Γ ′/Γ , we are done.
The signature of∆ is (p′; q, r. . ., q) for some nonnegative integer r , and using (3) and the Hurwitz–Riemann formula for
the pair of Fuchsian groups (∆,Γ ′)we obtain
p′ = 1+ 2g − 2− rN(q− 1)
2qN
. (6)
Now, let θ : ∆→ ∆/Γ1 ∼= Γ ′/Γ be the canonical epimorphism and let ω be the number of canonical elliptic generators of
∆which are mapped by θ onto non-trivial elements of∆/Γ1. Then, by Theorems 2.2.3 and 2.2.4 of [1], s = (r − ω)N . After
substituting the value of s given by (4) we get
r = ω + 2(g − 1− q(p− 1))
(q− 1)N ,
and substituting this value into (6) we obtain
p′ = 1− ω(q− 1)
2q
+ p− 1
N
,
which proves the first part of (i).
Moreover, suppose thatω ≠ 0. Then there exists an elliptic canonical generator x of∆ such that θ(x) is not trivial. Hence,
its order divides both the order q of x and the order N of∆/Γ1. Therefore, q being prime, it divides N .
To prove (ii) notice that the group θ(∆) = Γ ′/Γ of covering transformations of the covering X → Y is generated by
the images by θ of the canonical hyperbolic generators of ∆ and the nontrivial images of its elliptic generators, and these
elements satisfy equality (2). 
Corollary 3.2. With the notations and assumptions of the above theorem, suppose that N and q are relatively prime. Then
p′ = 1+ (p− 1)/N. In particular, N divides p− 1.
Proof. Since N and q are relatively prime, q does not divide N . It follows from Theorem 3.1 that ω = 0, and substituting in
the formula of p′ obtained in the previous theorem we get p′ = 1+ (p− 1)/N . 
Example 3.3. Let us show that condition (N, q − 1) = 1 in Theorem 3.1 is not superfluous. For, we will find a 2-fold
unramified (normal) covering X → Y where X is a (3, 1)-gonal surface but Y is not 3-gonal. Indeed, let r ≥ 1 be an
arbitrary integer and let ∆ be a Fuchsian group generated by the canonical hyperbolic translations a and b and the elliptic
transformations x1, . . . , xr of order 3, that is, with signature (1; 3, r. . ., 3). LetS3 = ⟨ρ, τ : ρ3, τ 2, (ρτ)2⟩ be the symmetric
group of order 6, and let θ : ∆→ S3 be the epimorphism induced by the assignment a → τ ; b → τρ andwhichmaps the
canonical elliptic generators x1, . . . , xr of∆ into ρ or ρ2 in such a way that θ(x1) · · · θ(xr) = ρ. It follows straightforwardly
from Theorem 2.2.4 in [1] and the Hurwitz–Riemann formula that the signatures of the Fuchsian groups Γ = ker θ and
Γ1 = θ−1(⟨ρ⟩) are (2r + 1;−) and (1; 3, 2r. . ., 3). This way X = H/Γ is a Riemann surface of genus g = 2r + 1 and
Γ1/Γ = ⟨ϕ⟩ is a group of automorphisms of order 3 of X . Moreover, the surface Z = X/ϕ = H/Γ1 has genus 1, and so ϕ is
a (3, 1)-gonality automorphism of X .
On the other hand, Γ is a normal subgroup of index 2 of the Fuchsian group Γ ′ = θ−1(⟨τ ⟩), and the canonical map
X = H/Γ → Y = H/Γ ′ is a 2-fold unramified (normal) covering. However, the surface Y is not 3-gonal or, equivalently,Γ ′
is not a normal subgroup of∆. Indeed, if we denote x = x1 · · · xr , then xΓ ′x−1 ≠ Γ ′ because θ(xax−1) = ρτρ2 = τρ ∉ ⟨τ ⟩.
Notice that, with the notations in Theorem 3.1, q = 3 and p = 1. Thus, the condition g ≥ 2pq+ (q−1)2 in the statement
of 3.1 means in this case 2r + 1 ≥ 10, and so for any choice of r ≥ 5 we have produced an example showing that condition
(N, q− 1) = 1 in Theorem 3.1 is not superfluous. 
Note also that condition (N, q−1) = 1 is trivially satisfied if q = 2. Hence, the first part of 3.1 specialized for q = 2 provides
us with the following
Corollary 3.4. Let X be a p-hyperelliptic Riemann surface of genus g ≥ 4p+ 1 and let X → Y be an N-fold, unramified, normal
covering. Then Y is p′-hyperelliptic, where
p′ = 1− ω
4
+ p− 1
N
for some nonnegative integer ω. 
As a consequence we deduce the following results, previously obtained by Maclachlan [5] and Martens [6].
Corollary 3.5. Let X → Y be an N-fold unramified, normal covering between Riemann surfaces X and Y , where X is hyperelliptic.
Then Y is hyperelliptic, N = 2 or 4 and the group of covering transformations of X → Y is either Z2 or Z2 ⊕ Z2.
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Proof. The hyperellipticity of Y follows at once from Corollary 3.4 because here p = 0 and so
p′ = 1− ω
4
− 1
N
< 1,
that is, p′ = 0. On the other hand N = 4/(4 − ω) because p′ = 0. It follows that either ω = 2 and N = 2 or ω = 3 and
N = 4.
Since the covering transformation groupG is isomorphic to∆/Γ1 it has orderN and the signature of∆ being (0; 2, . . . , 2),
we deduce that either G = Z2 or G = Z2 ⊕ Z2, as claimed. 
We consider now the case in which X is 1-hyperelliptic or, with the terminology in [3], X is elliptic-hyperelliptic.
Corollary 3.6. Let X → Y be an N-fold, unramified, normal covering between Riemann surfaces X and Y , where X is elliptic-
hyperelliptic of genus g ≥ 5. Then Y is either hyperelliptic or elliptic-hyperelliptic. In the first case the group G of covering
transformations of X → Y is generated by three involutionswhose product is an involution too, and in the second oneG = Zm⊕Zn,
where mn divides 2(g − 1).
Proof. The first part is an straightforward consequence of Corollary 3.4. Indeed Y is p′-hyperelliptic for p′ = (4 − ω)/4,
which implies that either p′ = 0 andω = 4 or p′ = 1 andω = 0. Moreover, the presentation of the covering transformation
group follows from part (ii) in Theorem 3.1. 
Next we particularize Corollary 3.4 for p = 2, that is, we assume that X is a 2-hyperelliptic surface. It is worthwhile to
observe that in this situation the groups of covering transformations are completely determined.
Corollary 3.7. Let X → Y be an N-fold, unramified, normal covering between Riemann surfaces X and Y , where X is
2-hyperelliptic of genus g ≥ 9. Then Y is either hyperelliptic or elliptic-hyperelliptic. In the first case the group of covering
transformations of X → Y is either Z2 or Z2 ⊕ Z2, and in the second one it is Z2.
Proof. With the notations of Corollary 3.4, p′ = (4− ω)/4+ 1/N , and so either p′ = 0,N = 2 and ω = 6 or p′ = 0,N = 4
and ω = 5 or p′ = 1,N = 4 and ω = 1 or else p′ = 1,N = 2 and ω = 2. In particular Y is either hyperelliptic or
elliptic-hyperelliptic.
Furthermore, part (ii) in Theorem3.1 provides uswith the claimed formof the group of covering transformations. Indeed,
note that in case Y is hyperelliptic then, necessarily, N = 2. Otherwise, according to Theorem 3.1, the group of covering
transformations would be abelian and generated by three elements y, z andw such that y has order 2 and y[z, w] = 1. This
is a contradiction. 
Concerning coverings of q-gonal Riemann surfaces we have the following
Corollary 3.8. Let q be a prime number and let X be a q-gonal Riemann surface of genus g ≥ (q−1)2. Let Y be a Riemann surface
and let X → Y be an N-fold, unramified, normal covering with (N, q − 1) = 1. Then Y is also q-gonal. Moreover, necessarily
either q = N or q = 2, and the group of covering transformations of X → Y is either the cyclic group of order N = q or the Klein
four group Z2 ⊕ Z2 and q = 2.
Proof. Substituting p = 0 in Eq. (1) of Theorem 3.1 we deduce that Y is a (q, p′)-gonal surface where
p′ = 1− ω(q− 1)
2q
− 1
N
for some nonnegative integer ω. Hence p′ = 0, that is, Y is q-gonal, which proves the first part. On the other hand
1
N
= 1− ω(q− 1)
2q
,
and so either ω = 2 and N = q or ω = 3, N = 4 and q = 2. Therefore the second part concerning the group of covering
transformations follows from (ii) in Theorem 3.1. 
To finish this section we state the following general result concerning the order of the group of covering transformations
of the involved coverings.
Corollary 3.9. Let X be a (q, p)-gonal Riemann surface of genus g ≥ 2pq + (q − 1)2 and let X → Y be an N-fold, unramified,
normal covering between Riemann surfaces. Assume that q is prime and (N, q− 1) = 1. Then N divides 2q(p− 1). In particular
if X is p-hyperelliptic and N is odd then it divides p− 1.
Proof. By Theorem 3.1, there exists an integer ω such that
p′ − 1 = p− 1
N
− ω(q− 1)
2q
is also an integer, that is, 2q(p− 1)− Nω(q− 1) is a multiple of 2qN . Thus N divides 2q(p− 1). 
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4. On lifting of q-hyperelliptic Riemann surfaces
From Corollary 3.4 it follows immediately that given an N-fold, unramified, normal covering X → Y , where X is a
p-hyperelliptic compact Riemann surface of genus g ≥ 4p+ 1, the compact Riemann surface Y is p′-hyperelliptic for some
integer p′ ≤ (p+ 1)/2. In this section we prove the converse.
Theorem 4.1. Given positive integers p and p′ and a p′-hyperelliptic compact Riemann surface Y of genus g ′ ≥ max{2, p}, there
exist a p-hyperelliptic compact Riemann surface X and an unramified normal covering X → Y if and only if p ≥ 2p′ − 1.
Furthermore such a covering can be chosen having the cyclic group Z2 as its group of covering transformations.
Proof. Aswe alreadymentioned, the necessity follows fromCorollary 3.4. To prove the sufficiency, let Y be a p′-hyperelliptic
compact Riemann surface represented as the quotient Y = H/Γ ′ for some Fuchsian surface groupΓ ′with signature (g ′,−).
Let r = 2(g ′+1−2p′) andω = 2(p+1−2p′). Then there exists a Fuchsian group∆with signature (p′; 2, r. . ., 2) containing
Γ ′ as a subgroup of index 2.
Let θ : ∆ → Z2 = ⟨a⟩ be the epimorphism which maps the canonical hyperbolic translations of ∆ onto a, the first ω
among the canonical elliptic generators of∆ onto a and the remaining ones to the unit.
Then, by Theorem 2.2.4 of [1], the signature of the Fuchsian group Γ1 = ker θ is (p; 2, 4(g ′−p). . . , 2). Consider the Fuchsian
group Γ = Γ ′ ∩ Γ1 and the p-hyperelliptic compact Riemann surface X = H/Γ . A straightforward computation shows
that the canonical projection X → Y is a 2-fold unramified normal covering. 
5. On ramified projections of (q, p)-gonal surfaces
We devote this last section to show that under some numerical restrictions, given a possibly ramified normal covering
X → Y where X is a (q, p)-gonal Riemann surface, the surface Y is (q, p′)-gonal for some integer p′ completely determined
by p, q, the genera of X and Y and the number of sheets of the covering.
Theorem 5.1. Let q and N be distinct prime numbers such that (N, q − 1) = 1, and let X be a (q, p)-gonal Riemann surface of
genus g ≥ 2pq+(q−1)2. Let Y be a Riemann surface of genus g ′ and let X → Y be an N-fold, possibly ramified, normal covering.
Then Y is a (q, p′)-gonal surface, where
p′ = 1− g − 1
qN
+ p− 1
N
+ g
′ − 1
q
.
Proof. LetΓ be a Fuchsian surface groupwith signature (g,−) uniformizingX , that is,X = H/Γ . LetΓ ′ be a Fuchsian group
such that Y = H/Γ ′. The covering X → Y being normal, Γ is a normal subgroup of Γ ′, whose signature is (g ′;N, s. . .,N)
where, by the Hurwitz–Riemann formula,
s = 2(g − 1− N(g ′ − 1))/(N − 1).
Observe that G = Γ ′/Γ is the group of covering transformations of X → Y and it has order N . The surface X being (q, p)-
gonal, there exists a Fuchsian group Γ1 with orbit genus p containing Γ as a normal subgroup of index q. Thus its signature
is (p; q, s′. . ., q)where, using once more the Hurwitz–Riemann formula,
s′ = 2(g − 1− q(p− 1))/(q− 1).
Since g ≥ 2pq+ (q− 1)2 the quotient Γ1/Γ is, by Castelnuovo–Severi Theorem [2,7], a normal subgroup of Aut(X), and so
Γ ′ normalizes Γ1. Therefore∆ = Γ ′Γ1 is a Fuchsian group. This way we have a diagram of group inclusions as in (5) in the
proof of Theorem 3.1.
Nowwe repeat the proof used there to show that Γ ′ is a normal subgroup of∆. Let ϕ be a generator of Γ1/Γ and let a be
an arbitrary element of Γ ′/Γ . There exists 1 ≤ α ≤ q− 1 satisfying aϕa−1 = ϕα , and so aq−1ϕa−(q−1) = ϕαq−1 = ϕ. Thus
ϕ commutes with aq−1 and, since q − 1 is relatively prime with N and a is an arbitrary element of Γ ′/Γ , it follows that ϕ
centralizes Γ ′/Γ . This guarantees that Γ ′ is a normal subgroup of∆, and so Y = H/Γ ′ admits an automorphism of order q.
Now the signature of ∆ has the form (p′; q, r. . ., q,N, t. . .,N)) and, q,N being coprime, it follows from Theorems 2.2.3
and 2.2.4 of [1] that s = tq and s′ = rN . Consequently, we get
t = 2(g − 1− N(g
′ − 1))
q(N − 1) and r =
2(g − 1− q(p− 1))
N(q− 1) .
The Hurwitz–Riemann formula applied to the pair of Fuchsian groups (∆,Γ ′) tells us
2(g ′ − 1)+ s(N − 1)
N
= µ(Γ
′)
2π
= qµ(Λ)
2π
= 2q(p′ − 1)+ r(q− 1)+ qt(N − 1)
N
and after substituting the values of r and t just calculated we have
2(g ′ − 1)+ s(N − 1)
N
= 2q(p′ − 1)+ 2(2g − 2− q(p− 1)− N(g
′ − 1))
N
.
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Therefore,
p′ − 1 = g
′ − 1
q
+ s(N − 1)
2qN
− 2(g − 1)
qN
+ p− 1
N
+ g
′ − 1
q
.
But s(N − 1) = 2(g − 1− N(g ′ − 1)), and so
p′ − 1 = g
′ − 1
q
+ g − 1− N(g
′ − 1)
qN
− 2(g − 1)
qN
+ p− 1
N
+ g
′ − 1
q
or equivalently
p′ = 1− g − 1
qN
+ p− 1
N
+ g
′ − 1
q
as wanted. 
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